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Baire Category Theorem

Thin Let (X
, d) be a  complete metric  space ,

then for  any
countable set

of nowhere dense sets I

En
In  e- IN }

,
Uncw

En
has empty interior

.

In words :

any Set in X of the first category has  empty interior .

Equivalently : Any residual set is dense
.

Cor Under same assumptions ,  if X = Uncw En  forEn :  closed
,

then I REIN at . Fu has  nonempty interior
.



Q1 ) I HW II. Qb ) Let IX. d) be a complete metric  space .
and TECH )

be pointwisely
bdd : Vx EX

,
I MEIR sit .

I -5Mt EM
,

f  f EF
.

Show  that F  is
"

somewhere uniformly bdd
"

:

7- to = G E X
open ,

7- C EIR s . T . Vx  E G. Ff EF
,

I -5kt E C
.

Sol ) V n  e IN
,

define

Fn
= { x  e X I task n

. Ff EF }
.

Then

Fn
is  closed by continuity of 5

.  and X = Une

,nFnby ptwise bdd property of I
.

Therefore
, by Cor

,

7- n
,

EIN s . t .

Int
( Xm ) ¥ to

Define G =

Intl
Xm )

,
f- n

, ,
then by definition

,

tf  x E G
,

VTEF
,

ITCH E C
.

 
-



Q2 ) I HW 11
,

Q2 ) Fix Te

Eo
,

I ] EIR if E

CII
) is called non - monotonic if

V J : closed sub interval of I of positive

length
,

-5 is not monotonic  on J
.

Show that N :={TECH) If is  non - monotonic } is dense  in Cia .bz
.

Sol ) By Thur
,

it suffices  to show  that N is  residual
.

Let A := { IX.  m E Ix IN I x  E

Ohs
X

¥0,23
,

then A  is  countable :

V-H.nl E A
,

defineEx,
n

= { SEC ( I ) I t  ye HIMI
,

tap - THD ly -

x ) 203

andFyi,
n

=L TE CCI ) I t  ye HIMI
,

tap - THD CY -

x ) so }

Then f EIN ⇐ f is not non - monotonic

⇐ I J EI as  above f is monotonic  over J

⇐ 7- lx.me A s - t
.

f E E U F
-

X
,  n  

y
,

 n

.

'

. ELDIN = U ( Ex .nu
Fan

)
( X

,  n )  EA

Hence
,

it sissies  to  show  that

VK.us
 c- A

,
Ex .nu Fan is nowhere dense

.

In  what follows
,

we  will show  that Ex
.

 n
and Fan are  nowhere dense :



l i ) Ean is  nowhere dense i we first show  that E
"

is closed :

V His) E Emconverging to -5
,

Showing teEm :

By assumption ,

tf k EIN
, Vy c-

BIKINI
, Iffy ) - fix ) ) ( y

- Xl 20

.

.

.

( fly ) - fan ) ly - x ) = thing
.

tulip - Fix ) l y
- x ) z O

.

'

.
ft Ex

.  n  ,
c

'

.

Ex
.  n

is closed .

Showing Ex
,

 n is nowhere dense by definition :

✓  FEET
, .n= Ex

.  n
,

Ve > 0
. showing Bets ) of Ex

,  n

:

By Weierstrass  approximation Thin
,

7- polynomial p  s - t . PE Beats) ;

since plz is C
'

,
it is Lipschitz  continuous with constant L

.

V NEIN .
define 6N : I =  To , I ] → IR jig -

saw  function

which is piecewise linear
,

Tv - periodic with slopes  I 2N :

*' ←  

?
,

-
-

÷
.

- - -

. .

-
-

- - -

I?
 -

⇐
aux ,

air it In . .
. n÷ in

×



Define gµ=past I.Ynlxl . Then 9N E Ck )

th gov E Belt ) : 119N - Ths = Np-f) t Emos I + E = E

(2) 9N ¢ Ex ,n for some N : VYEZ with y > x
.

( gnly ) -

gnlx , ) ly - x ) = ( Lply ) -

pm ) -1 Evenly ) - ynlx D) ly - x )

⇐ ( L ly - x ) -1 Ezklnly ) -

cents ) ) ly - x )

Choose

NEIN
satisfying

{
N > I

,

EX
CTN

,
7-

 i  EIN ; Isis N

Choose
 any yet with xcy sin and y

-

x  Stn

Z

a

' ←  

?
,

-
-

÷
.

- - -

. .

-
-

- - -
- -

⇐
aux ,

.

a :

;
. . .  .  . > x

y

then by definition Chul 'D - 4nlx ) = C- 2N ) ly - x )

.

'

. ( gaily )
-

gwlxs ) C
y - x ) S ( L ly - x ) -

Ne ly - H ) ly - x ) = ( L -

Ne ) ly - xiao

.

'

. 9N ¢Ex .ru

Therefore
, Ex

,  n  is nowhere dense
.



Lii) F.
 n

is  nowhere dense i similar  argument as  in ti )

except to show L2 ) i

(2) 9N ¢ Fan for some N : Vy EZ with y
> x

.

( guy ) -

gnlx , ) ly - x ) 7 IL.ly- x ) t Ezklnly ) -

cervix  D) ly - x )

Choose

NEIN
satisfying

{¥> I
⇐  ,Tv

EX
CTN,

I
 i  E  IN ; Isis N

Choose
 any yet withxcyand

y
-xstnZ

a

' ←  

?
,

-
-

÷
.

- - -

. .

-
-

- - -

T?
 -

⇐
aux ,

'

i ;;
:÷j.  . .  . > x

then by definition 4N ly ) - 4nlx ) = 2N

Ky
- x )

.

.

. ( gaily )
-

gwlxs ) C
y - x ) >TLly - x )+Ne ly - xD ly - x ) = I Ne - L ) ly - xi > o

or

.

'

. 9N #

tan
Therefore

,

Fan
 is nowhere dense

.


